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Abstract 

In this paper, we want to discuss the topology of the non-singular hypersurface Y n with 
complex dimension n in a projective toric manifold X n+1 . When n is odd, our main results 
are a decomposition of Y n = Y% s(S n x S n ) as a connected sum of s copies of S n x S n with 
a differential manifold Y' such that b n (Y') = or 2. When n is even and the degree of Y in 
X is big enough, we find that Y also admits such a decomposition Y% s(S n x where 
Y' satisfy 6 n (Y') - \sign(Y')\ = b n (X) ± sign(H n (X)), where sign(H n (X)) is the signature 
of a certain bilinear form defined on H n (X,Z). 



1 Introduction 

1.1 Projective toric manifold and its hypersurfaces 

Definition 1.1. A toric variety is a normal algebraic variety X containing the algebraic torus 
(C*) n as a Zariski open subset in such a way that the normal action (C*) n on itself extends to 
an action on X . 

In this paper, we call X a projective toric manifold if X is a compact, smooth toric 
variety that admits a holomorphic embedding into a certain CP N . 

The algebraic topology of projective toric manifold has been fully studied by many people 
and many results can be found in these two classical books [4], [5]. In this paper, what we need 
are the following two propositions ([5], page 56,101,102). 

Proposition 1.2. Let X be a projective toric manifold, then X is simply connected and the odd 
dimension homology groups of X vanish, i.e. H ^[X,TL) = 0. 

Proposition 1.3. H^(X, Z) can be generated by the projective toric submanifolds of X, i.e. 
there exist smooth toric submanifolds {X/} with Xi = [Xi\ € H*(X, Z) such that the homomor- 
phism 

^Zxi —>H*(X,Z) 
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is surjective. 

Then we introduce the hypersurface of a projective toric manifold. Let X be a projective 
toric manifold. For any holomorphic embedding X CP N , let F± be a hyperplane of CP N , we 
get a subvariety i :Y = F\C\ X X ot X and Y is called a hypersurface of X. By Bertini's 
theorem, for a generic hyperplane i*i in CP N , Y is smooth. 

Given such a hypersurface Y of X CP N , we can also construct the smooth hypersurface 
id : Yd ^ X of X with («d)*[^d] = d(i*[Y]), < d £ Z. Indeed, we can take Yd := F d n X, 
where is a generic hypersurface of CP N with degree cZ and it is well-known that Y d is also a 
smooth hypersurface of X. 

In this paper, all the hypersurfaces we consider are smooth and when we say a hypersurface 
Y<i, it always means Y d is a smooth hypersurface. 

Similar to the degree of a hypersurface in CP n , we can define the degree of a (smooth) 
hypersurface in X. Let ay be the element of H 2 (X,Z) such that ay n [X] = i*[Y~]. We define 
the degree of a hypersurface Y in X by 

de 5 Y :=< a Y +1 , [X] > 

For the hypersurface Y d , we have relation day = cty A and we have degY d = d n+l degY . 

1.2 Main results 

Let X n+1 be a projective toric manifold with complex dimension n + 1, n > 2. Let i : Y ^ X 
be the hypersurface of X with complex dimension n and id : Y^ X be the hypersurface with 
(id)* [Yd] = c£(i*[Y"]), < d € Z. In this paper, we want to discuss the topological decomposition 
of the hypersurface Y d . Our main results are: 

Theorem 1.4. When n is odd, for any integer d > 0, we have decomposition: 

Yd = Yj ft s d (S n x 5") 
where the n-th Betti number b n (Y' d ) = or 2. 

Theorem 1.5. When n is even, for sufficiently big d » ; we have decomposition: 

Yd = Yd jt Sd(5 n x 5") 

wii/i = b "( y 'i)~ 6 "( jy )~l SI g^( y 'rf)~ st 3 n ( g W)l > sign{Y d ) is the classical signature of Y d and 
sign{H n {X)) is the signature of the bilinear form defined by: 

H n (X)®H n (X) — ► Z 

(z,y) xUyU ay d ,[X] > 
Furthermore, we have limit estimate: 

< Mm -p±-= lim - j. S f - = 1 - 2 " +1 (2" +1 - 1)^=^ < 1 
d^+oodegY d d n+1 degY K '(n + l)\ 

here B n +i is the ^--th Bernouli number. 
2 z 
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For yj, we have relations b n (Y d ) = b n (Yd) — 2sd and signiYd) = sign(Y^). By the limit 
estimates in proposition 4.4, we know \sign{Yd)\ = \sign(Y d )\ tends to +00 as d — > +00. From 
theorem 1.5, we can deduce that 

Corollary 1.6. When n is even and d is big enough: 

bn(Yfi - \sign{Y' d )\ = b n (X) ± \sign{H n {X))\ 

Remark 1.7. Let F be a nonsingular algebraic hypersurface in complex projective space, in 
[8], Kulkarni and Wood proved that there is a differentiable connected sum decomposition 

F = M$k{S n x S n ) 

where b n {M) = or 2 for n odd, and b n (M) - \sign(M)\ = b n (CP n ) ± sign(H n (CP n+1 )) = 
or 2 for n even. 

Our theorem is a generalization of their theorem to the case of hypersurfaces in projective 
toric manifolds. 

2 Basic idea of removing handles 

2.1 Geometric point of view 

Choose a point (x,y) € S n x S n and there are two embedded spheres: S± := S n x {y}, S 2 '■= 
{x} x S n <-} S n x S n with properties: 

(1) . Si intersects S2 transversally at one point (x,y). 

(2) . The normal bundles of Si, S2 in S n x S n are trivial. 

(3) . Denote 771 := Si x D n C S n x S n and n 2 := 5 2 x £> n C 5 n x S n by the closure of their 
normal bundles, we see r\\ U 7/2 is a manifold with boundary S 2 ™" 1 and 

S"xS n = (r/i U 172) U 5 2„-i D 2n 

Conversely, let M 2n be a smooth manifold and Si, S 2 be two embedded n-spheres of M 2n with: 

(1) . Si intersects S 2 transversally at one point. 

(2) . The normal bundles of Si and S 2 are trivial. 

We denote £1 := Si x D n , £ 2 := S 2 x D n by the closure of their normal bundles. Observe that 
771 U 7/2 = £1 U £ 2 and we get: 

M ^ (M - f° U U S 2n-! (??i U 77 2 ) = M'tt S n x S n 

where M' = (M — £J U £ 2 ) U52n-i Z) 2n . This is the basic idea of removing handles from a 
2n-manifold ([12]). Next we want to realize this idea by algebraic topology. 

2.2 Homological point of view 

From the point of view of homology, let M 2n be a simply connected smooth closed manifold 
of dimension 2n, n > 2 and h : 7r n (M) — > H n (M,Z) be the Hurewicz map. For every 
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a, (3 E h(ir n (M)) C H n (M, Z) with intersection number a ■ ft = 1, by Whitney's embedding 
theory and Whitney's trick ([10], pl42), there are two embedding n-spheres / Q , fp\S n ^r M 2n 
with: 

(1) . The homology elements a and /3 are represented by f a , fp, i.e. (/ Q )*[£ n ] = a, (Z^)*^"] = /3 

(2) . The spheres f a {S n ) and f/3(S n ) intersect transversally at only one point. 

Following the geometric idea of removing handles, the next question is how to determine the 
normal bundles. In general, the normal bundles of f a (S n ), fp(S n ) are not easy to determine. 

In this paper, the situation seems relatively simpler: let K C h(ft n {M)) be a free Abel group 
such that each element a £ K can be represented by an embedded n-sphere f a :S n ^-M with 
stable trivial normal bundle. 

When n is even, for the embedding f a representing a G K, the normal bundle of f a is just 
determined by the self- intersection number a ■ a of a. Indeed, a ■ a = if and only if the normal 
bundle of f a is trivial. So, if we could find a free subgroup ©f =1 (Zaj ©/%) of K with intersection 

matrix ffif =1 ( ^ ^ ' ^°P°^°^ can y' ^ admits a decomposition: 

M ^ Af'tt s(5 n x 5 n ) 

When n is odd, the intersection number a ■ a is always zero and can not determine the 
normal bundle of f a , we need two techniques. 

Technique 1: find a quadratic function ip : K — > Z2 with: 

(1) . ip(a + (3) = ip(a) + ip(/3) + (a ■ (3)2, where (a ■ /3)2 £ Z2 is the mod 2 class of the intersection 
number a ■ /3 6 Z, which is also the definition of the quadratic function over Z. 

(2) . VK ) = if and only if a can be represented by an embedded ra-sphere f a with trivial 
normal bundle. 

For any free subgroup ©f =0 (Za- © of -fT with intersection matrix ffi| =0 f ^ 1, by 

the standard results of the quadratic function ([15], pl72), we can find a new basis {aj,/3j} 
of this subgroup such that the intersection matrix of Z«o © Z/?o © {ffif =1 (Zaj © /3j)} is still 
/ -1 x 
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and ip{a.i) = ip(fii) = 0,z 7^ 0, ip(ao) = ip(fio) = or 1. In this case, although 
we can not determine the value of ^(ao), at least, we have decomposition: 

M ^ Af'tt s(S n x S n ) 

In general, the quadratic function tp is not always exist on K and we need the second 
technique. 

Technique 2: find an embedded n-sphere g : S n M with: 

(1) . ff 45 ,n ] = 0GiJ n (M,Z). 

(2) . The normal bundle i] g of g : <S n M is isomorphic to the tangent bundle T5 n of S*™. 

If we could find such an embedding g, for every element a € K which is represented by an 
embedding / Q , if the stable trivial normal bundle rjf a is not trivial, by Wall's technique ([15], 
pl67), there exists a new embedding f' a with normal bundle 77^ such that: 
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(1) . f a = f a + ge7T n (M) 

(2) . F(r]fi) = F(j)f a ) + F(rj g ) where F is the isomorphism: 

{n dimensional stable trivial vector bundles over S n } < — > Ker(ir n -i(SO(n)) — > 7T n _i(50)) 

It is known that Ker{-K n -\{SO{n)) — > n n ^i(SO)) = 0, n = 1,3,7 and Ker{-K n ^\{SO{n)) — > 
vr n _i(50)) = Z 2 with generator F(TS n ), n odd + 1,3,7. ([2], p88). 

In this case, modifying by this embedding g, we can make every element a G K represented 
by an embedding with trivial normal bundle. So, for any free subgroup ©f =1 (Zaj f3i) of K 

with intersection matrix ©| =1 ^ ^ ^ J , M admits a decomposition: 

M Af'tt s(^ n x 5 n ) 

These are the basic tools to removing (n dimensional) handles from a 2n-manifold. In the 
next two sections, we will apply these tools to prove our main theorems. 



3 Odd case 

3.1 Wu class, quadratic function, and Kervaire invariant 

Given a smooth manifold (M n , dM), the Steenrod operator Sq = £^ =0 Sq l : H*(M, dM, Z 2 ) -> 
H*(M,dM,Z 2 ) determines a linear form on H*(M, dM, Z 2 ): 

H*(M,dM) — >■ Z 2 

X h^< ^(x), [M] > 

where [M] G H n (M, dM, Z 2 ) is the fundamental class of the Poincare pair (M,dM). Since 
the cup product induces the isomorphism H*(M, Z 2 ) = Hom{H*(M, dM, Z 2 ), Z 2 ), there exists 
a unique element t>(M) = 1 + «i(M) + u 2 (M) + • • • G H*(M,Z 2 ) such that for each x <G 
if*(M, 5M, Z 2 ): 

< u(Af) U x, [M] >=< Sq{x), [M] >, < v t (M) U x, [M] >=< Sq l x, [M] > 
Definition 3.1. v(M) = Yli=o v i(M) is called the Wu class of M. 

By the definition, we see Vi(M) = Sq { : H n ~ i (M,dM,Z 2 ) -»■ Z 2 is zero. 

In his paper [3], Browder gave a geometric definition of Kervaire invariant, which is equivalent 
to his original definition of Kervaire invariant in [1] . This geometric definition is very close to 
the original definition of Kervaire, which is defined by the Arf invariant of a certain quadratic 
function, (cf [7]). First, it is known in [3] that: 

Proposition 3.2. For any x G H n (M 2n , Z 2 ), we can find an embedded N n C M 2n with [N] = x. 

Proposition 3.3. If M 2n xl'c W 2n+q , W connected and y G H n+1 (W, M, Z 2 ), we can find 
N C M representing dy G H n (M,Z 2 ), i.e [N] = dy with N = dV , here i : V C W x [0, 1] is 
a connected submanifold with i*[V] = y, where [V] G H n+ i(V, dV, Z 2 ) is the fundamental class. 
Furthermore, V meets W x transversally in N C M . 
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We see, in this case, the normal bundle of N in W x has a normal g-frame (N x M q C 
MxI'C W). The obstruction to extending this frame to a normal q- frame on V C W x [0, 1] 
lies in iT I+1 (V, N, iri(V n+q!q )) and 7Tj(V^ +?! g) = 0,q < n, n n (V n+q>q ) = Z 2 . We find the last and 
only one obstruction a G H n+1 (V, N, Tr n (V n+M )) = Z 2 . 

Definition 3.4. For t/ie element x = dy G H n (M,Z 2 ), where d : H n+1 (W, M, Z 2 ) — ► 
H n (M, Z 2 ) and y ^ H n+ \(W, M , Z2) , we define: ip(x) =< a,[V] >, which is denoted briefly 
by a for convenience. 

We see this definition seems not intrinsic, it depends on the choice of iV and V. We should 
put some condition to make V> well-defined. Browder proved ([3]): 

Proposition 3.5. The obstruction to extend a q-frame defines a quadratic form: 

V> : Ker(H n (M,Z 2 ) — > # n (W,Z 2 )) -> Z 2 
if and only if v n+ i(W) = 0. 

Proposition 3.6. For the embedding (f)(S n ) G M 2n ,n odd, if 4>(S n ) is nullhomotopic in W, 
then ^([(j)(S n )]) = if and only if the normal bundle of <p{S n ) is trivial. 

Definition 3.7. If Ker(H n (M, Z 2 ) — > H n (W, Z 2 )) is non-singular under the intersection pair, 
we define the Kervaire invariant k by its Arf invariant of the quadratic form tp. 



3.2 Proof of the odd case I 

Let X n+1 be a projective toric manifold with complex dimension n > 2, odd, and i : Y n X n+1 
be a hypersurface of X n+1 . 

Lemma 3.8. H n (Y,Z) is spherical and every element a G H n (Y,Z) can be represented by an 
embedding f a :S n ^Y such that the normal bundle r)t of f a is stable trivial. 

Proof. First, by Lefschetz's hyperplane section theorem and Proposition 1.2., we know (X,Y) 
is n-connected and H n {X) = 0. We have exact sequence: 

H n+1 (X,Y) ► H n (Y) ► H n (X) = 

h Y 

7T n+1 (X,Y) > 7T n (Y) -^h 7T n (X) 

From this diagram, we observe that hy ■ ^n(Y) — > H n (Y) is surjective and for every element 
a G H n (Y), by the Whitney embedding theorem, we can choose an embedding f a : S n Y to 
represent a such that i o f a is nullhomotopic in X, i.e. 7i"n (*)([/<*]) = 0. 

Second, we want to show the normal bundle rjf a is stable trivial. We have bundle identity: 

TX\S n = (i o f a )*TX = TS n rj fa r§ \S n 

here r\y is the normal bundle of i : Y — > X. Since rjy is a complex line bundle, it is known that 
r\y = i*Ly, where Ly is a complex line bundle over X with Euler class e(Ly) H [X] = i*[Y]. 
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Since io/ a is nullhomotopic, the bundle identity becomes: 

e 2n+2 = (■ D fa y TX = T gn & % ffi ( • Q = £ n+l ffi ^ 

here e is the trivial real 1-bundle. □ 

Proof of the odd case I: For the complex line bundle Ly in the above lemma, consider 
W = D(—Ly), where —Ly is the stable inverse bundle of Ly, i.e. Ly — Ly is trivial, and 
D(—Ly) is the disk bundle of —Ly. Then for the embedding: Y ^ X W, we see the normal 
bundle of Y in W is trivial and we get Y x M q C W for some q > 0. 

Observe that Ker(H n (Y, Z 2 ) — ► #„(W,Z 2 )) = H n (Y,Z 2 ) and by proposition 3.5, if the Wu 
class i; n +i(W) = 0, there is a quadratic function ip' : _ff n (Y,Z 2 ) — >■ Z 2 and we also obtain a 
quadratic function on H n (Y,Z): 

il>:H n (Y,Z) > H n (Y,Z 2 ) Z 2 

Furthermore, by proposition 3.6, we know ip(a) = if and only if the normal bundle rjf a is 
trivial. 

Since H n (Y,Z) is unimodular, by technique 2 in subsection 2.2, H n (Y,Z) = Zao ffi Z/3o 
©i=i(^ a i © A)) s = 2 with intersection matrix 0^ =o ^ ^ ^ J and = V'(A) = 

0, i 7^ 0. Topologically, we get decomposition: 

Y = Y'l s(S n x S n ) 

where b n (Y') = 2. If the Kervaire (Arf) invariant k of ip or t^' vanishes, we can make b n (Y') = 0. 

So we finish the proof of the odd case when v n+ \{W) = 0. When v n+ i(W) 7^ 0, the 
quadratic function ijj is not necessary well-defined and we will use technique 2 to deal with it in 
next subsection. 



3.3 Proof of the odd case II 

In his paper [3], Browder proved: 

Theorem 3.9 (Browder). Suppose M 2n x W C W, n 7^ 1,3 or 7, W is 1-connected. (W,M) 
is n-connected and suppose v n+ i(W) 7^ 0. Then there exists an embedded S n C M 2n and 
U n+1 C M 2n x W 1+1 with dU = S n such that the normal bundle £ to S n in M 2n is nontrivial, 
but £ e 1 is trivial, where e 1 is the trivial one dimensional real vector bundle. Hence S n is 
homologically trivial (mod 2) with nontrivial normal bundle. 

Remark 3.10. It seems we can use this theorem to find the embedding sphere in technique 
2. But the shortage is: the embedding sphere S n is only mod 2 trivial. We want to add some 
condition to make it work in integral homology. 

Theorem 3.11. Under the same hypothesis of Browder 's theorem above, if we further assume 
that H n+ i(W, Z 2 ) is generated by the element {xi} such that each Xi can be represented by an 
oriented closed manifold Ni, i.e [Ni\ = Xj. Then there exist an embedded S n C M 2n such that 
[S n ] = E H n (M, Z) and the normal bundle £ to S n in M 2n is non-trivial but stable trivial. 
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Proof. We follow Browder's proof (Step 2 to Step 7 is almost unchanged): 

Step 1: Since v n+1 (W) ^ 0, we know Sq n+1 : H n+q - l (W,dW,1 2 ) -> Z 2 is not zero. By 
assumption, 3Ni such that Sq n+1 yi ^ 0, where m n [W] = [Ni\. 

Step 2: For convenience, we denote Ni by N and yi by y. Let Nq = N — intD n+1 , we see 
8Nq = S n+1 and Ao is homotopic to an n-complex. Since (W, M) is n-connected, 3f : Nq — > M 
such that the diagram is commutative up to homotopy: 

N — f —> M 
N > W 

Step 3: Let g = f\ dNo : S n -> M, we see g*[S n ] = € H n (M,Z). Since M is 1-connected, 
by Whitney's theorem, we can make g homotopic to an embedding and we still denote it by g. 
Since g is nullhomotopic in W, then the normal bundle of g(S n ) is stable trivial. We wish to 
show that the normal bundle of this sphere is not trivial. 

Step 4: We make the map / : A^ — > Mxl'xj-1,0] homotopic to an embedding g$ : Nq 
Mxl'x [-1, 0] such that g \ dNo = g. And we extend g : S n M to ~g : D n+1 C W x [0, 1] 
which meets W x transversally in g(S n ). Then we get an embedding gi : N U S n D n+1 ^ N ^ 
W x [—1, 1], which is isotopic to the origin N C W. 

Step 5: M x M. q C W x define a g-frame of the normal bundle of g(S n ) C M C W x 0. We 
know the obstruction a G ^n+i{Yn+i,q) to extend this q- frame to D n+1 is zero if and only if the 
normal bundle of g(S n ) is trivial. 

Step 6: Now assume the normal bundle of g(S n ) is trivial and we get a q-frame on D n+1 : 

D n+\ x d« xR ? cH / x [o, 1] 

such that D n+1 x x = g{D) and S n x D n x is the normal bundle of g(S n ). Let V = 
M x [-1, 0] U S n xD n D n+1 x D n , then we get F x i 9 c If x [-1, 1], gi (N) C intV x R q . 
Step 7: Let Y = W x [-1, 1]/8(W x [-1, 1]) we get: 

y — ^ s^y/ay — b —+ r{r] N © e) 

where r/^r is the normal bundle of N in W. Let U be the mod 2 Thorn class of 7]at © 
e, we get: (ba)*U = Sx G £P+«(y,Z 2 ) and (Sq n+1 (x))[W] = Sq n+1 (J:x)[Y} ^ 0. Also, 
(Sq n+1 (b*U))(E q [V]) ^ and Sq n+l {Z~ q {b*U))[V] + 0. On the other hand, Sq n+1 (Z~ q (b*U)) = 
since £-"(&*[/)) = € # n (y, 9V, Z 2 ). □ 

Proof of the odd case II: When t;„+i(VF) ^ 0, in our case Y x R q c W = D(-L), 
by proposition 1.3, we see Z) is generated by the toric submanifolds which are certainly 

oriented and W = D(—Ly) is the disk bundle over X, whose homology group is also generated 
by these toric submanifolds. Then all the conditions of theorem 3.11 are satisfied. Thus, there 
exists an embedding sphere g : S n e —}Y such that ^[S" 1 ] = and the normal bundle r/ g = TS n . 

By the technique 2 in section 2 and lemma 3.8, we have topological decomposition: 

Y ^ Y% s(S n x S n ) 
where b n (Y') = 0. Then we finish the proof of theorem 1.4. 
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4 Even case 



4.1 Intersection form and signature 

Let X n+1 be a projective toric manifold with complex dimension n + 1, n > 2, even, and 
i : Y" X be a hypersurface of X. Since n is even, the n-th homology group H n (Y,Z) admits 
a unimodular symmetric intersection form: 

H n (Y, Z) ® tf n (Y, Z) — -> Z 

Since (X, Y) is n-connected and H dd(X, Z) = 0, like the odd case, we have 

► H n+1 (X,Y) > H n (Y) — ^ > 

vr n+1 (X,y) ► vr n (y) vr n (X) 

The vanishing cycles Ker(i*) C H n (Y,Z) is what we mainly concerned, because: 

Lemma 4.1. £^ac/i element a £ -fTer^*) can be represented by an embedding f a :S n ^Y such 
that f a [S n ] = ol and the normal bundle r]f a of f a is stable trivial. 

Proof. Since 7r n (X,Y) = H n (X,Y,Z) = Ker(i*), we see for each element a G Ker{i*\ there 
exists an embedding f a representing a and 7r n (i)(/ Q ,) = G ir n (X). 

The proof of the stable triviality of the normal bundle rjf a is similar to the proof in lemma 
3.8. □ 

When we restrict the intersection form of H n (Y, Z) on Ker(i*), we get: 

Proposition 4.2. The intersection form on Ker(i*) is of type even, i.e. for any a 6 Ker(i*), 
a ■ a is even. 

Proof. For any a € Ker(i*), by lemma 4.1., we can use an embedding f a to represent it. It is 
known that a ■ a =< e(n/ Q ), [S n ] >, where e(n/ Q ) is the Euler class of the normal bundle n/ a . 
Furthermore, < e(n/ a ), [S n ] > is even if and only if the n-th Stiefel- Whitney class w n {rjj a ) of 
rjf a is zero and this is just proved in lemma 4.1. □ 

The intersection pair on H n {Y,Z) is equivalent to the cup product on H n (Y,'I l ) 

H n (Y, Z) ® H n (Y, Z) — ► Z 
(a, /3) ^< aU/3, [Y] > 

through the Poincare duality PD : H n (Y, Z) — > H n (Y,'Z) and we also have exact sequence: 

> H n (X,Z) — H n (Y,Z) > H n+1 (X,Y) ► 

We see the intersection form (Ker(i*), •) is equivalent to (PD^^Ker^*)), U) and the reason 
why we use the language of cohomolgy instead of homology is: 
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Lemma 4.3. PD- l {Ker{u)) = {i*H n (X)) L 

Proof. For any a € Ker(i*) and (3 6 H n (X,Z), we have: 

< PirV) U [Y] >=< i*/3, a >=< P, ua >= 

we get PD- l (Ker(u)) C {i*H n {X)) L . 

On the other hand, for any PD~ l {^) 6 (i*f/' n (X)) ± , we see 

< PD- 1 ^) Ui*H n (X,Z), [Y] >=< i*H n (X,Z),-f >=< H n (X,Z),i^ >= 

Since H n (X,Z) and H n (X,Z) are free Abel groups, we get 2*7 = 0. □ 

Next, we want to discuss some limit estimates about the n-th Betti number and the signature 
of the pair (H n (Yd, Z), U). Recall that i d : Yd X n+1 is the hypersurface of the toric manifold 
X with (id),^] = d(i,[y]) and cte<?y d =< a y +\ [X] >= d n+1 degY, where ay d n[X] = {i d )*\Y d ]. 
We have proposition: 

Proposition 4.4. VFe /lave limits: 

lim MM = lim WW - , 



-oo degYd d-»+oo d n+1 degY 

< lim 1^(^)1 = 2 n +2(2 n +2 _ !)_gf^_ < ! 
d^+oo 6 n (y d ) v ; (n + l)! 

Proof. For the first limit, we know the Euler number x (Y d ) ofY d equals b n {Y d )+2 YTjZl{-^) j bj{X) 
and 

x(y„) = < c n (Y d ), [Y d ] >=< ^£p-, [X] > 

1 + day 

= d n+1 < a Y + \[X] > +0{d n ) 
here c(TX) and c n {Yd) are the Chern classes. We have: 

, im sra = lim M^l = (ie9 y 

and we get: 

hm = 1 

For the second limit, we have identity: 

sign(Y d ) =< tanh(day)L(X), [X] > 

where L(X) = L^X) + L 2 (X) + ■ ■ ■ is the L-class of X and tanh(cfay) = Ej^(-l) i_1 2 2j (2 2j ' - 
l)^r(day) •? . Observe that: 

-B n + 2 

sign{Y d ) = (-l)f 2-+ 2 (2™+ 2 - 1) ^^cP^degY + O(cT) 
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we have limit: 



hoc b n {Y d ) v '(n + 1)! 

Furthermore, when j > 1, we see: 

1 1 BA2tt)^ tt 2 

1-1 1 1 = -Jl — '— < — 

^ 2^' 3 3 ^ 2(2j)! 6 

Bj2 2 i{2 2 i - 1) vr 2 2 2 -''(2 2 J - 1) ^ 2 4? 

(2j)\ < Y (2^ < Y^i < 1 

□ 

Corollary 4.5. lim^+oo 0n (^d) = +oo lim<i_>+oo sig^^d) = +oo. When d is big enough, 
(H n (Y d , Z), •) is indefinite. 

4.2 Proof of the even case 

Let <, >) be a unimodular symmetric bilinear form over Z and F be a nonzero subgroup of 
H such that H/F is free and the map F — > Hom(F,Z) induced by <, > is injective. Denote 
E = F 1 - := {x € H\ < x, F >= 0}, we have: 

Theorem 4.6. If rank H Max{4rankF,2rankF + 5}, t/ien £7 admits an orthogonal decom- 
position: 

(E, <, >) (A, <, >) e (e| =1 (Zxi e z yi , <, >)) 

where the intersection matrix of7Lxi © Zy^ zs ( ) , a = or 1. For (A, <, >), there are 

two possibilities: 

(1) . (A, <, >) is definite and rankA ^ max {3rankF, rank F + 5} 

(2) . rankA < max{3rankF, rankF + 5} 

We'll prove the even case first and the proof of this theorem will be given in the next 
subsection. 

Proof of the even case: Step 1: For the bilinear symmetric space (H n (Y d ,Z),U), 
we know PD~ l (Ker((i d )*)) = (i*H n (X)) ± . We want to show the injectivity of the map 
H n (X,Z) — ► Hom(H n (X,Z),Z) induced by the cup product in H n (Y d ,Z). 

Since Y d is the hypersurface of X, the hard Lefschetz theorem ([11]) tell us that the coho- 
mology element ay d representing Y d induces an injective map: 

Uay d : H n (X,Z) — ► H n+2 (X,Z) 

For i*H n (X,Z) C H n (Y d ,Z), we have diagram: 

H n (X,Z) — ^ H n+2 (X,Z) — =-> Hom(H n (X,Z),Z) 



i* d H n (X,Z) ► H n {Y d ,Z) Hom(H n (Y d 
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indeed, for any x,y G H n (X, Z), =< i*xUi*y, [Y d ] >=< .xUy Uay d , [X] >= (xUayJ(y). 

Furthermore, we see the restriction of (H n (Y d , Z), U) to H n (X,Z) is just the bilinear form 
defined in theorem 1.5. 

Thus we get a pair (H d ,U) = (H n (Y d ,Z),U) with a free subgroup F := i*H n (X,Z) such 
that 

(1) . i 7-1 - = PD~ 1 (Ker(i d ) : „) = E d with even type (proposition 4.2, lemma 4.3). 

(2) . If d is big enough, rankH d > Max{4rankF, 2rankF + 5} (proposition 4.4) 
Step 2: By the algebraic decomposition theorem 4.6, 

(Ker(i d )*, ■) = (E d , U)^A d ® (©^(Zx; © Zy u <, >)) 
where the intersection matrix of Zxj © Zyi is ( ) , Cj = or 1 

V 1 c * / 

By proposition 4.2, ifer((id)*) is of type even, Cj must be zero. Since lim^oo \signH n (Y d , Z)| = 
+oo, when d is big enough, the possibility (2) of theorem 4.6 can not happen, and A d is definite. 
Step 3: By the process of removing handles of the even case in section 2, we see 

Ker(i d )* = A d e ®H 1 {1x i © Z Vi ) 
where the intersection matrix of ffi*l 1 (Zxj © Zyi) is ffi Sd [ J and we get: 



1 



Y d * Y^s d (S n x S n ) 



Since A d is definite and sign(Zxi © Zyi) = 0, we get identiy 2s d = rank (Kernel)*) — 
\sign{Ker{i d )^)\. Also, since Ker{i d )^ = (H n (X,Z)) ± C H n (Y d ,Z) and the restriction of 
(H n (Y d , Z), U) to H n (X,Z) is just the bilinear form defined in theorem 1.5, we get 

2s d = b n {Y d ) - b n (X) - \sign(Y d ) - sign{H n (X))\ 

For the limit estimate, we have: 

,. 2s d 2s d \sign(Y d )\ 

hm — = hm — - — - = 1 — lim — - — ; — - — 

d^t+oo degY d d^+oo b n (Y d ) d^+oo b n [Y d ) 

4.3 Proof of the algebraic decomposition theorem 

In order to prove theorem 4.6., we need some lemmas. 

Lemma 4.7. Assume E satisfy rankE ^ 3rankF, we can choose a basis {/i,/2, ■ ■ -,fr+h} of 
Hom(E,Z) such that ffi[ =1 Z/j — > Hom(E,Z)/E is surjective, r ^ rankF, and ® } j = {Zf T +j C 
E C Hom(E,Z), h^2r. 

Proof. First, since H/F is free, we have: 

► E Hom(H,Z) ► Hom(F,Z) > 



> E Hom(E,Z) > Hom(E,Z)/E ► 
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Since H/E = Hom(H, Z) /E = Hom(F, Z), we see Hom(H, Z) — > Hom(E, Z) is surjective and 
Hom(F,Z) — > Hom(E,Z)/E is also surjective. 

Second, rankHom(F, Z) = rankF, we can choose rankF elements {gi, <?2 ■ •■} of Hom{E, Z) 
such that Z<7i + Z52 + ■ • • + ^9rankF — > Hom(E, Z) /E is surjective. Then there is a subgroup 
Zgi + Z52 + • • • + Zg rankF C N C Hom(E,Z) with Hom(E,Z)/N free and r = rankN = 
rank(Zgi + Z# 2 + • • • + Zg rankF ) ^ rankF. 

Third, Since Hom{E, Z)/iV is free, let {/1, • • •, f r } be a basis of iV and extend it to a basis 
{/lj •••}/»■) /r+i> • ■ "j f'r+h) °f Hom(E, Z). We know iV — >• Hom(E, Z)/E is surjective, then for 
any we can find / r+i = # +i - with [^ =1 a^/j] = G Hom(E,Z)/E, we 

see / r+i G -E 1 . 

Thus we obtain a basis {/1 • • • f r , f r +i, ■ ■ -fr+h} of Hom(E, Z) such that {/ r +i, • ■ -/r+fe} C 
EcHom(E,Z). □ 

Lemma 4.8. Assume E is indefinite and rankE Max{3rankF, rankF + 5}, we can find two 
elements x,y € E with < x,x >= 0, < x,y >= 1, < y, y >= or 1. 

Proof. First, by the lemma above, we have a basis {/1 ■ ■ ■ f r , f r +i, ■ ■ 'fr+h} of Hom(E, Z) with 
Z/ r+ i © Z/ r+2 © • • • © 1f r +h C E C Hom(E, Z), h> max{2r, 5}. Let {/*, • • -f* +s } be the dual 
of the basis {/1, • • -f r +h} in Hom(E,Z)* = E. Define: 

D = Z/ r * +1 © • • -Z/ r * +h C S = Hom(E, Z)* 

Second, when Z) is indefinite, since rankD 5, it is known from Meyer's theorem that there 
exists an indivisible element x G D such that < x,x >= ([8], p255). Then we can also choose 
an element y' G Z/ r+ i © • • • © Zf r+ h C -E such that < x, y' >= 1. Let y = y' — [ <y 2 ,y ]x' , we 
have < x, x >= 0,< x,y >= 1,< y,y >= or 1. 

Third, when 23 happens to be definite, define £>' := Z(/* +1 - ci/*) © Z(/* +2 - c 2 /*) © 

z(/ r * +3 - c 3 / 2 *) ©z(/; +4 - C4 /|) © • • • © z(/ 3 * r _i - c 2r _i/;) © z(/ 3 * r - C2r / r *) © • • • © z(/; +h - Ch f*). 

If we can choose proper {q G Z} to make D' indefinite, we can still find an indivisible 
element x G D' such that < x,x >= 0, and we can also find y G ©j =1 Z/ r+ j G E such that 
< x, y >= 1. So, all we need to do is to prove the next lemma. □ 

Lemma 4.9. Following lemma 4-8, suppose D is definite, we can choose proper {ci G Z} to 
make D' indefinite. 

Proof. Assume D is positive definite under <, >. Consider the real space E := E © M, D := 
D <g> R, I) 7 := D' ® R and let {/*, • • •, be the Euclidean orthogonal standard basis of E. 

Define: 

F : E — > R 

X)oi/i , ^Z) a * a i </*>/;> 

Observe that F is just the the extension of the map : E — s> Z, a; 1— >< x, a; > to 

Note that E is indefinite and Q-uninodular under < , > , since by assumption H is unimodular 
and F is Q-unimodular. Then we can find a v G such that -F(v) < and the Euclidean norm 
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\v\ = 1, i.e. v = Y^l=i a ifi + H h j=i^>jfr+j-> Yj a ! + Yjb 2 j = 1. Since D is definite, we see 
F(D- {0}) > and (ai,-- -,a r ) / (0, ■ ■ -,0). 

In the Euclidean norm with orthogonal standard basis {/*}, we have decomposition E = 
D' © (D')^. By calculation, we see (D 1 ) 1 - has a standard orthogonal basis: 

Qy^± _ span {f* + Cl f*+1 + c 2/*+2 /I + c 3.f*+3 + c 4/*+4 



+ ®2r-zfz r -Z + c 2r-2fzr-2 f* + c 2r--l/3 r _l + C 2r /| r H , C/j,/* H 



1 + ci r _ 3 + C 2 2r _ 2 ^1 + 4._! + • • • + c| 

For convenience, denote this basis by {31,52, • • -,9r}- 

For the vector v = Yll=i a «/«* + Sj=i ^jf*+j-> we can decompose v = V1+V2 such that v\ £ D' 
and V2 £ By calculation, 

«1 + Cl6 r+ 1 + C 2 6 r+ 2 , a r -i + C 2r -3^3r-3 + C 2r _ 2 6 3r _ 2 

V2 = / 9 9 31 H 1 ; 9r-\ 

+ 4 + 4 A /l + C 2 +ci_ 



+ 



2r-3 c 2r-2 
a r + C 2r _i&3 r _i + C 2r &3 r + • • •, ChK+h 



1 + ^ r _! + ■ • • + C* 



Since Yl of + ^ b 2 = 1, for Ve > 0, we can choose proper Cj £ Z ([8], p256) such that 

Ol + Ci6 r+ i + C 2 fc r +2 I < £ 1 «r-l + C 2r -3&3 r -3 + C 2r _ 2 6 3r _ 2 ^ £ 

Vl + ^f + ^ V 1 + C ^3 + 4-2 ' 

, a r + C2r- lhr-l + C 2r b3r- + ■ • •, Cfeb r+ fe . ^ £ 
1 + 4..! + • • • + C\ 

The function F is continuous and F(v) < 0, if the Euclidean norm of t> 2 = v — V\ is small 
enough, then the element v\ £ D' satisfy F(v%) < 0. Furthermore, D' is not negative definite, 
since D is positive and rankD' = rankD, 2rankD > rankE = rankD + rankF, thus we see D 1 
is indefinite. 

□ 

Proof of theorem 4.6.: We use induction on rankH, since rankH ^ Max{4rankF, 2rankF+ 
5}, we get rankE ^ Max{3rankF, rankF + 5}. If E is definite, we've done. If E is in- 
definite, then by the lemmas we've just proved, there exist two elements x,y £ E such that 
< x, x >= 0, < x, y >= 1, < y, y >= or 1. 

We get orthogonal decomposition under <, >: 

H = H' © (Zx © Zy), E = E' ® (Zx © Zy) 
Observe that F C H' and E P\ H' = E' = F^ C i?', by the induction, we've finished our proof. 
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